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On the Number of Conjugacy Classes of
Subgroups of a Finite Group

Mihai-Silviu Lazorec and Marius Tărnăuceanu

Abstract. Let k′(G) and L(G) be the number of conjugacy classes of
subgroups and the subgroup lattice of a finite group G, respectively. Our

objective is to study some aspects related to the ratios d′(G) = k′(G)
|L(G)|

and d∗(G) = min{d′(S) | S is a section of G} which measure how close
G is to being a Dedekind group. We prove that the set containing the
values d′(G), as G ranges over the class of nilpotent groups, is dense in
[0, 1]. A nilpotency criterion is obtained by proving that if d∗(G) > 2

3
,

then G is nilpotent and information on its structure is given. We also
show that if d∗(G) > 4

5
, then G is an Iwasawa group. Finally, we deduce

a result which ensures that a p-group of order pn (n ≥ 3) is a Dedekind
group. This last result can be extended to the class of nilpotent groups
and it also highlights the second maximum value of d∗ on the class of
p-groups of order pn.
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1. Introduction

All groups considered in this paper are finite and n ≥ 1 denotes an integer. Let
G be a group and p be a prime number. We denote by k(G), k′(G), ν(G), N(G)
and L(G) the number of conjugacy classes, the number of conjugacy classes
of subgroups, the number of conjugacy classes of non-normal subgroups, the
normal subgroup lattice, and the subgroup lattice of G, respectively. The
cyclic group of order n is denoted by Cn, the dihedral group D2n (n ≥ 3) has
the following structure

D2n = 〈x, y | xn = y2 = 1, yx = xn−1y〉,
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Mpn (n ≥ 4 if p = 2; n ≥ 3 if p is odd) is a modular p-group (i.e., a p-group
whose subgroup lattice is modular) given by

Mpn = 〈x, y | xpn−1
= yp = 1, yx = xpn−2+1y〉,

while Hep is the Heisenberg group modulo p (p is odd) and its representation
is

Hep = 〈x, y, z | xp = yp = zp = 1, [x, z] = [y, z] = 1, [x, y] = z〉.
We also recall that an Iwasawa group is a modular nilpotent group.

A way to measure how close G is to being abelian is given by its com-
mutativity degree

d(G) =
|{(x, y) ∈ G × G | xy = yx}|

|G|2 .

Theorem IV of [6] states that the numerator is equal to k(G)|G|, so the
commutativity degree of G can be also expressed as

d(G) =
k(G)
|G| .

In this paper, we study another ratio that is defined similarly, the main differ-
ence being that we switch from working with the elements of G to operating
with its subgroups. Hence, we are going to investigate the ratio

d′(G) =
k′(G)
|L(G)| .

This quantity measures how close is G from being a Dedekind group (i.e., all
its subgroups are normal). It is clear that all abelian groups are Dedekind,
while the structure of the non-abelian Dedekind groups, which are called
Hamiltonian groups, is also known (see statement 5.3.7 of [12]).

Some properties of d′ are straightforward. For any group G, we have
0 < d′(G) ≤ 1, and the equality d′(G) = 1 holds if and only if G is a Dedekind
group. If G1 and G2 are two groups such that G1

∼= G2, then d′(G1) = d′(G2).
The converse does not hold even for non-Dedekind groups. For instance, if
G1

∼= C3 � C8 (SmallGroup(24,1)) and G2
∼= C3 × D8 (SmallGroup(24,10)),

we have d′(G1) = d′(G2) = 4
5 and G1 �∼= G2. Finally, if I is a finite set with

|I| ≥ 2 and (Gi)i∈I is a family of groups of coprime orders, then

d′
(

×
i∈I

Gi

)
=

∏
i∈I

d′(Gi),

so d′ is multiplicative.
Our main results are listed below and their proofs are included in the

following two sections. In Sect. 2, we explicitly compute d′(G) with G be-
longing to specific classes of groups. Given an integer a ≥ 1, we show that all
ratios of the form a

a+1 are attained by d′. The main result of this section is
the following one:
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Theorem A. Let N be the class of nilpotent groups. Then, the set

{d′(G) | G ∈ N }
is dense in [0, 1].

In Sect. 3, we justify that there is no constant c ∈ (0, 1) such that
if d′(G) > c, then G is a nilpotent/Iwasawa/Dedekind group. However, a
nilpotency criterion and a criterion for G to be an Iwasawa group can be
obtained by replacing d′(G) with d∗(G), where

d∗(G) = min{d′(S) | S is a section of G}.

More exactly, we justify that the following results hold:

Theorem B. Let G be a group. If d∗(G) > 2
3 = d∗(S3) = d′(S3), then G is

a nilpotent group. Moreover, if 2 � |G|, then G is the direct product of some
modular p-groups.

Theorem C. Let G be a group. If d∗(G) > 4
5 = d∗(D8) = d′(D8), then G is

an Iwasawa group.

By using the classification of minimal non-Dedekind p-groups, we also
determine a criterion which guarantees that p-groups of fixed orders are
Dedekind groups. This result can be extended to the class of nilpotent groups
and it is stated below:

Theorem D. Let n ≥ 3 be an integer and G be a p-group of order pn.
i) Assume that p = 2 and n = 3. If d∗(G) > 4

5 = d∗(D8) = d′(D8), then
G is a Dedekind group.

ii) Assume that n ≥ 4 if p = 2, and n ≥ 3 if p is odd. If d∗(G) >
(n−2)(p+1)+4
(n−1)(p+1)+2 = d∗(Mpn) = d′(Mpn), then G is a Dedekind group.

The paper concludes with a list of open problems.

2. On the Values of d’

As a preliminary result, we recall the main theorem of [3]. It outlines the
classification of groups having one conjugacy class of non-normal subgroups.
These groups are close to being Dedekind groups and this aspect will be
helpful in obtaining some of our results.

Lemma 2.1. Let G be a group. Then, ν(G) = 1 if and only if G is isomorphic
to one of the following groups:

i) Mpn .
ii) A non-abelian split extension Gp,q,n = N � P where N ∼= Cp, P ∼=

Cqn−1 , [N,Φ(P )] = 1, p, q are primes, such that q | p − 1 and n ≥ 2.



  184 Page 4 of 17 M.-S. Lazorec and M. Tărnăuceanu MJOM

In what follows we obtain explicit formulas for computing d′(G) when G
is a group with ν(G) = 1, a dihedral 2-group or a Heisenberg group modulo p.

Proposition 2.2. The following results hold:

i) d′(Mpn) = (n−2)(p+1)+4
(n−1)(p+1)+2 ;

ii) d′(Gp,q,n) = 2n
2n+p−1 ;

iii) d′(D2n) = 3n−1
2n+n−1 ;

iv) d′(Hep) = 2p+5
p2+2p+4 .

Moreover, the sequences (d′(Mpn))n≥3 (p is odd), (d′(M2n))n≥4,
(d′(Gp,q,n))n≥2 are strictly increasing, while the sequences
(d′(D2n))n≥3, (d′(Hep))p≥3 are strictly decreasing.

Proof. Note that k′(G) = |N(G)| + ν(G) for any group G. According to
Lemma 3.3 of [15], we have

|L(Mpn)| = (n − 1)(p + 1) + 2 and |L(D2n)| = 2n + n − 1.

i) As stated in Lemma 3.5 of [15], we have

|N(Mpn)| = (n − 2)(p + 1) + 3.

Since ν(Mpn) = 1, the conclusion follows.
ii) The subgroup P ∼= Cqn−1 is the representative of the unique conju-

gacy class of non-normal subgroups of Gp,q,n. This class contains p conjugates.
Besides N and its improper subgroups, Gp,q,n has one normal subgroup of
order pqi and one normal subgroup of order qi for each i ∈ {1, 2, . . . , n − 2}.
Therefore,

k′(Gp,q,n) = 2n and |L(Gp,q,n)| = 2n + p − 1,

which leads to the desired result.
iii) Theorem 3.3 of [5] outlines the conjugacy classes of subgroups of

any dihedral group. According to this result, D2n has 3 conjugacy classes of
subgroups of order 2i for each i ∈ {1, 2, . . . , n − 1}. Hence,

k′(D2n) = 3n − 1,

and the conclusion follows.
iv) The proper non-trivial normal subgroups of Hep are Z(Hep) ∼= Cp

and its p + 1 maximal subgroups isomorphic to C2
p . There are also p + 1

non-trivial conjugacy classes of subgroups, each being formed of p conjugates
isomorphic to Cp. We conclude that

k′(Hep) = 2p + 5 and |L(Hep)| = p2 + 2p + 4,

so we easily obtain the value of d′(Hep).
Regarding the second part of this proposition, we only justify the mono-

tonicity of the first sequence. Let p be a fixed odd prime and f : [3,∞) −→ R

be a function given by

f(x) =
(x − 2)(p + 1) + 4
(x − 1)(p + 1) + 2

, ∀ x ∈ [3,∞).
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We have

f ′(x) =
p2 − 1

[(x − 1)(p + 1) + 2]2
> 0, ∀ x ∈ (3,∞),

so f is strictly increasing on [3,∞). Hence, the sequence (f(n))n≥3 =
(d′(Mpn))n≥3 is strictly increasing.

�

The following result is a consequence of our previous proposition. It
shows that d′(G) can be made arbitrarily large or small as |G| increases.

Corollary 2.3. The following results hold:

lim
n→∞ d′(Mpn) = lim

n→∞ d′(Gp,q,n) = 1 and lim
n→∞ d′(D2n) = lim

p→∞ d′(Hep) = 0.

It is clear that the values of d′ belong to S = [0, 1] ∩ Q. We proceed
our study by showing that specific values from S are attained by d′. Then,
in the proof of Theorem A, we justify that each value of S is an adherent
point of the set {d′(G) | G ∈ N }, where N is the class of nilpotent groups.
The classification given by Lemma 2.1 and the numerical results outlined in
Proposition 2.2 play a significant role for both purposes.

Corollary 2.4. Let a ≥ 1 be an integer. Then, there is a group G, such that
d′(G) = a

a+1 .

Proof. If a = 1, we take G = G5,2,2
∼= D10 and we have d′(G) = 1

2 . Suppose
that a ≥ 2. Then, we can choose G = G3,2,a and we get d′(G) = a

a+1 .

�

Proof of Theorem A. Let x ∈ S. We aim to show that there is a sequence of
groups (Gn)n≥n0 ⊆ N , such that

lim
n→∞ d′(Gn) = x.

If x = 0 or x = 1, we are done by Corollary 2.3. Suppose that x =
a
b where 1 ≤ a < b. Also, let (pk)k≥1 be the strictly increasing sequence
of odd prime numbers. We construct b − a strictly increasing and disjoint
subsequences (p1n

)n≥1, (p2n
)n≥1, . . . , (p(b−a)n

)n≥1 of (pk)k≥1. Also, for each
i ∈ {1, 2, . . . , b − a}, consider the sequence of groups (Gin)n≥1 where

Gin = Mpin
a+i+1 .

Note that each of these b − a sequences of groups is well defined, since we
work only with odd prime numbers and a + i + 1 ≥ 3. Finally, we define the
sequence (Gn)n≥1 ⊆ N whose general term is

Gn =
b−a×
i=1

Gin .

The factors of the above direct product are of coprime orders, since the se-
quences (pin)n≥1 are disjoint. Hence, we are able to apply the multiplicativity
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property of d′ as follows:

d′(Gn) = d′
(

b−a×
i=1

Gin

)
=

b−a∏
i=1

d′(Gin) =
b−a∏
i=1

d′(Mpin
a+i+1)

=
b−a∏
i=1

(a + i − 1)(pin + 1) + 4
(a + i)(pin + 1) + 2

.

As n tends to infinity, we obtain

lim
n→∞ d′(Gn) =

b−a∏
i=1

lim
n→∞

(a + i − 1)(pin + 1) + 4
(a + i)(pin + 1) + 2

=
b−a∏
i=1

a + i − 1
a + i

=
a

b
= x.

Therefore, we conclude that each value of S is an adherent point of the set
{d′(G) | G ∈ N }. This implies that

S ⊆ {d′(G) | G ∈ N },

so
[0, 1] = S ⊆ {d′(G) | G ∈ N }.

Since the reverse inclusion is obvious, the proof is complete.
�

Theorem A can be easily extended to any class of groups containing N
as follows.

Corollary 2.5. Let C be a class of groups, such that N ⊆ C . Then, {d′(G) |
G ∈ C } is dense in [0, 1].

3. Criteria Ensuring that a Finite Group Is Nilpotent/
Iwasawa/Dedekind

Let G be a group. Given a group theoretic property P , G is said to be a
minimal non-P group if G does not satisfy P and all its proper subgroups
do. The following lemma recalls the structure and some properties of the
minimal non-nilpotent groups. These are also known as Schmidt groups. The
listed results are outlined in [13] and [11].

Lemma 3.1. Let G be a Schmidt group. Then, the following statements hold:
i) G = P � Q where P is a normal Sylow p-subgroup, Q is a cyclic Sylow

q-subgroup of G and p, q are distinct primes.
ii) Z(G) = Φ(G) = Φ(P ) × Φ(Q).
iii) P

Φ(P )
∼= Cr

p , where r is the multiplicative order of p modulo q.
iv) If N is a proper normal subgroup of G, then N does not contain Q and

either P ⊆ N or N ⊆ Z(G).

Let c ∈ (0, 1) and G be a group. A condition such as d′(G) > c cannot
guarantee that G is a nilpotent/Dedekind group. Indeed, according to Corol-
lary 2.3 for a sufficiently large value of n, say nc, we would get d′(Mpnc ) > c
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and d′(Gp,q,nc
) > c, but Mpnc is a non-Dedekind group, while Gp,q,nc

is non-
nilpotent. Theorem B highlights a nilpotency criterion that is obtained by
replacing the condition d′(G) > c with d∗(G) > c, where

d∗(G) = min{d′(S) | S is a section of G}.

A useful property of d∗ is that it behaves like a decreasing function defined
on L(G), i.e., if H,K ∈ L(G) and H ⊆ K, then d∗(H) ≥ d∗(K). Also, d∗ is
multiplicative. Indeed, if I is a finite set with |I| ≥ 2 and (Gi)i∈I is a family
of groups of coprime orders, then all sections of ×

i∈I
Gi are of the form ×

i∈I
Si,

where Si is a section of Gi for any i ∈ I. Then,

d∗
(

×
i∈I

Gi

)
=

∏
i∈I

d∗(Gi).

Before proving Theorem B, we outline and justify some modularity cri-
teria for p-groups.

Proposition 3.2. Let G be a p-group.

i) If d∗(G) > 4
5 = d∗(D8) = d′(D8), then G is a modular p-group.

ii) If p is odd and d∗(G) > 11
19 = d∗(He3) = d′(He3), then G is a modular

p-group.

Proof. i) Suppose that G is a non-modular p-group. According to Lemma
2.3.3 of [14], G has a section S isomorphic to:

– D8, if p = 2;
– Hep, if p is odd.

We also know that d∗(G) ≤ d′(S). We use the results stated in Proposition
2.2. If p = 2, we get

d∗(G) ≤ 4
5

= d′(D8),

a contradiction. If p is odd, then

d∗(G) ≤ d′(Hep) ≤ 11
19

= d′(He3) <
4
5
,

a contradiction.
The above reasoning also justifies statement ii), so the proof is complete.

�

We proceed by proving Theorem B.

Proof of Theorem B. Suppose that G is a counterexample of minimal order.
Then, G is non-nilpotent. Let H ∈ L(G), such that H �= G. Then,

d∗(H) ≥ d∗(G) >
2
3
,

so H is nilpotent. Consequently, G is a Schmidt group.
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We consider the section S = G
Z(G) of G. By using the information intro-

duced in Lemma 3.1, we deduce that |S| = prq and, by the correspondence
theorem, S has a normal subgroup

H =
P × Φ(Q)

Z(G)
∼= Cr

p .

On the other hand, a subgroup K ∼= Cq of S cannot be normal. Indeed, if
K ∈ N(S), then G would have a proper normal subgroup N with |N | =
q · |Z(G)| = |Φ(P )| · |Q|. By Lemma 3.1 iv), we would also have that |P |
divides |N | and this leads to a contradiction. Hence, we conclude that

S = H � K ∼= Cr
p � Cq

and K acts faithfully on H. Moreover, all proper subgroups of S are nilpotent,
so S is also a Schmidt group. By Lemma 3.1 ii), we have Z(S) = {1}.

Note that S cannot have a subgroup Li of order piq with 1 ≤ i < r. If
such a subgroup would exist, then it would be nilpotent, so we can assume
that there is a subgroup Hi

∼= Ci
p of H, such that Li = Hi × K ∼= Ci

p × Cq.
Then, K centralizes Hi. Since H also centralizes Hi, it follows that S ⊆
CS(Hi). Then, Hi ⊆ Z(S) = {1}, a contradiction.

We denote |L(Cr
p)| by ap,r. Taking into account that S has pr conjugate

subgroups isomorphic to Cq and there are no subgroups of order piq with
1 ≤ i < r, we obtain

|L(S)| = ap,r + pr + 1.

Let i ∈ {1, 2, . . . , r − 1} and let Hi be a subgroup of S with |Hi| = pi. By
our previous discussion on the non-existence of subgroups of order piq, we
deduce that Hi is not normal in S. Also, H is an abelian maximal subgroup
of S and Hi ⊂ H, so the size of the conjugacy class of Hi is

[S : NS(Hi)] = [S : H] = q.

It is known that the number of subgroups of S that are isomorphic to Hi is
given by the Gaussian coefficient

[
r
i

]
p

=
(pr − 1)(pr−1 − 1) · · · (pr−i+1 − 1)

(pi − 1)(pi−1 − 1) · · · (p − 1)

(see, for example, Exercise 1.74 of [1]). Hence, these subgroups are partitioned
into 1

q

[
r
i

]
p

conjugacy classes. Besides them, S has 3 trivial conjugacy classes
of subgroups whose representatives are 1, H, and S, respectively, and the
conjugacy class of K. Therefore,

k′(S) =
1
q

r−1∑
i=1

[
r
i

]
p

+ 4 =
ap,r + 4q − 2

q
.

Consequently, we have

d′(S) =
ap,r + 4q − 2

q(ap,r + pr + 1)
.
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The following step is to show that d′(S) ≤ 2
3 . This would contradict

that d∗(G) > 2
3 and the first part of our proof would be complete. Note that

d′(S) ≤ 2
3

⇐⇒ (2q − 3)ap,r + 2q(pr − 5) + 6 ≥ 0.

Since q ≥ 2, in most cases, it suffices to justify that

pr − 5 ≥ 0. (1)

This is true for p ≥ 5, so there are two cases left to discuss: p = 2 and p = 3.
We recall that q | pr − 1. If we assume that p = 2, then r ≥ 2. If r ≥ 3, then
(1) holds, while if r = 2, then q = 3 and S ∼= C2

2 �C3
∼= A4, so d′(S) = 1

2 < 2
3 .

Finally, suppose that p = 3. If r ≥ 2, then (1) holds, while if r = 1, then
q = 2 and S ∼= C3 � C2

∼= S3, so d′(S) = 2
3 . Therefore, our initial assumption

is false, so G is a nilpotent group.
We now prove the second part of the statement of Theorem B. Since G

is nilpotent and 2 � |G|, it follows that G ∼=
k×

i=1
Gi, where G1, G2, . . . , Gk are

the Sylow subgroups of G, each of them being of odd order. We have

d∗(Gi) ≥ d∗(G) >
2
3

>
11
19

, ∀ i ∈ {1, 2, . . . , k}.

Then, each Gi is a modular group due to Proposition 3.2 ii). Hence, G is a
direct product of modular p-groups. �

Regarding the second part of the statement of Theorem B, we mention
that the structure of modular p-groups is determined by Iwasawa in [9] (see
also Theorem 2.3.1 of [14]). More exactly, P is a modular p-group if and only
if one of the following holds:

– P ∼= Q8 × Cn
2 (n ≥ 0);

– P contains an abelian normal subgroup A, such that P
A is cyclic; in

addition, there is g ∈ P and a positive integer n, such that P = A〈g〉
and ga = apn+1g for all a ∈ A, with n ≥ 2 if p = 2.

Also, according to Exercise 3 from Section 2.4 of [14], the fact that G is a
direct product of modular p-groups is equivalent to any of the following:

– G is an Iwasawa group;
– all subgroups of G are permutable.

These additional details are useful for proving Theorem C.

Proof of Theorem C. Since

d∗(G) >
4
5

>
2
3
,

G is a nilpotent group according to Theorem B. Then, G is the direct product
of its Sylow subgroups. Let P be one of them. We have

d∗(P ) ≥ d∗(G) >
4
5
,

so P is a modular p-group by Proposition 3.2 i). Consequently, G is an Iwa-
sawa group, as desired. �
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We mention that the lower bounds that appear in the statements of
Proposition 3.2 and Theorems B and C are the best possible ones, since D8

and He3 are non-modular p-groups, while S3 is a non-nilpotent group.
A classification of minimal non-Dedekind groups is obtained in [4] (see

also Lemma 3.1 of [8]). The following result illustrates the structure of mini-
mal non-Dedekind p-groups only. The first two types of groups are also mini-
mal non-abelian p-groups by Exercise 8a from Section 1 of [2]. The structure
of their centers is described in Lemma 2.2 of [7] and is also recalled below.

Lemma 3.3. Let G be a minimal non-Dedekind p-group. Then, G is isomor-
phic to one of the following groups:

i) Hp,s,t = 〈x, y, z | xps

= ypt

= zp = 1, [x, z] = [y, z] = 1, [x, y] =
z〉, where s ≥ t ≥ 1 and, if p = 2, then n = s + t ≥ 3; moreover,
Z(Hp,s,t) = 〈xp〉 × 〈yp〉 × 〈z〉;

ii) Kp,s,t = 〈x, y | xps

= ypt

= 1, yx = xps−1+1y〉, where s ≥ 2, t ≥ 1 and,
if p = 2, then n = s + t ≥ 4; moreover Z(Kp,s,t) = 〈xp〉 × 〈yp〉;

iii) Q16.

A group G is a q-self-dual group if every quotient of G is isomorphic to
a subgroup of G. Theorems 3 and 4 of [10] list the p-groups G all of whose
subgroups are q-self-dual. For odd primes, the obtained classification is valid
under the assumption that Ω1(G) is abelian. The following preliminary result
is a consequence of these theorems.

Lemma 3.4. Mpn is a q-self-dual group.

The following result shows that the values of d′ and d∗ are equal for
some p-groups.

Proposition 3.5. The following equalities hold:
i) d′(Mpn) = d∗(Mpn);
ii) d′(Hep) = d∗(Hep).

Proof. i) Let G = Mpn ∼= Kp,n−1,1. Then, G is a minimal non-Dedekind
group by Lemma 3.3. Let H,K ∈ L(G), such that K ∈ N(H) and H �= G.
Then, H is a Dedekind group and this property is inherited by the section
H
K . Hence, we deduce that

d∗(G) = min
{

d′
(

G

N

)
| N ∈ N(G)

}
.

Since G is a q-self-dual group and all its proper subgroups are abelian, G
1

∼= G
is its only non-Dedekind section. Therefore, d∗(G) = d′(G).

ii) The only non-Dedekind section of G ∼= Hep is isomorphic to G, so
the conclusion follows.

�
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Let c ∈ (0, 1). The idea of replacing the hypothesis d′(G) > c with
d∗(G) > c in order to obtain a criterion for G to be a Dedekind group does
not work. Indeed, due to Proposition 3.5, the two conditions are equivalent
for G ∼= Mpn and we explained that there is a non-Dedekind group Mpnc ,
such that d′(Mpnc ) = d∗(Mpnc ) > c. However, we are able to show that such
a criterion can be obtained if we work with p-groups of fixed orders. Theorem
D illustrates this result and our next objective is to prove it. We justify a
preliminary result first.

Lemma 3.6. Let p be a prime number. The following results hold:

i) If p = 2 and n = s + t ≥ 3, then H2,s,t has a section isomorphic to D8.
ii) If p is odd and n = s + t ≥ 2, then Hp,s,t has a section isomorphic to

Hep.
iii) If p = 2, n = s + t ≥ 5 and K2,s,t �∼= M2n , then K2,s,t has a section

isomorphic to M2k , where k < n.
iv) If p is odd, n = s + t ≥ 4 and Kp,s,t �∼= Mpn , then Kp,s,t has a section

isomorphic to Mpk , where k < n.

Proof. By Lemma 3.3, we know that

N = 〈xp〉 × 〈yp〉 ∼= Cps−1 × Cpt−1 and M = 〈ypt−1〉 ∼= Cp

are central subgroups of Hp,s,t and Kp,s,t, respectively. Hence, they are also
normal subgroups.

i) & ii) Let G = Hp,s,t, x̄ = xN, ȳ = yN and z̄ = zN . Then,

S =
G

N
= 〈x̄, ȳ, z̄ | x̄p = ȳp = z̄p = N, [x̄, z̄] = [ȳ, z̄] = N, [x̄, ȳ] = z̄〉

is a non-abelian section of order p3 of G. If p = 2, it is easy to check that S
has 5 elements of order 2, so S ∼= D8. Otherwise, p is odd and S ∼= Hep.

iii) We proceed by induction on n. For the initial step, if n = 5, then
one can use GAP [16]1 to check that K2,3,2 (SmallGroup(32, 4)) and K2,2,3

(SmallGroup(32, 12)) have a section isomorphic to M16.
Let n ≥ 6 and suppose that the statement holds for any m, such that

5 ≤ m < n. Let G = K2,s,t �∼= M2n . Then, t ≥ 2. We have

G

M
∼= K2,s,t−1.

If K2,s,t−1
∼= M2n−1 , then we are done. Otherwise, by the inductive hypoth-

esis, it follows that G
M has a section

S =
H
M
K
M

∼= H

K
∼= M2k ,

where H,K ∈ L(G) and K ∈ N(H). Then, G also has a section isomorphic
to M2k and the proof is complete.

1See Appendix A for the GAP code used to verify these results.
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iv) This is also done by induction on n. If n = 4, then G = Kp,2,2 has
a section

G

M
∼= Kp,2,1

∼= Mp3 .

Thus, the initial step is complete. The inductive step follows a similar argu-
ment as the one done in the proof of item iii), so we omit it.

�

We continue with proving Theorem D.

Proof of Theorem D. The result outlined in item i) is clear, since D8 is the
only non-Dedekind group of order 8.

Regarding item ii), let G be a p-group, such that

d∗(G) > d∗(Mpn). (2)

We proceed by induction on n. For the initial step, we work with groups of
order 16 or p3, where p is odd. By checking the list of groups of order 16, we
deduce that (2) holds if and only if G is a Dedekind group. In addition, the
only non-Dedekind groups of order p3 are Mp3 and Hep. By Propositions 2.2
and 3.5, we have

d∗(Hep) = d′(Hep) =
2p + 5

p2 + 2p + 4
<

p + 5
2p + 4

= d′(Mp3) = d∗(Mp3).

Therefore, (2) holds again if and only if G is a Dedekind group.
Let n ≥ 5 when p = 2, and n ≥ 4 when p is odd. Assume that the

statement holds for any m, such that m < n. If p = 2, we may assume that
m ≥ 4, whereas if p is odd, then m ≥ 3. Let G be a p-group of order pn such
that (2) holds. Based on the parity of p, by using Propositions 2.2 and 3.5
again, we have

d∗(G) > d∗(M2n) ≥ d∗(M32) =
13
14

or d∗(G) > d∗(Mpn) ≥ d∗(Mp4) =
2p + 6
3p + 5

.

For the sake of contradiction, suppose that G is a non-Dedekind group.
Let H be a maximal subgroup of G. By using Propositions 2.2 and 3.5, we
have

d∗(H) ≥ d∗(G) > d∗(Mpn) > d∗(Mpn−1).
Therefore, H is a Dedekind group by the inductive hypothesis. Consequently,
G is a minimal non-Dedekind group. By Lemma 3.3, it follows that G ∼= Hp,s,t

or G ∼= Kp,s,t.
If G ∼= Hp,s,t, then, according to Lemma 3.6, G has a section isomorphic

to D8 or Hep. In the first case, we get d∗(G) ≤ d′(D8) = 4
5 , contradicting

d∗(G) > 13
14 . In the second case, we obtain d∗(G) ≤ d′(Hep) = 2p+5

p2+2p+4 ,
contradicting d∗(G) > 2p+6

3p+5 .

Suppose that G ∼= Kp,s,t. By (2), we know that G �∼= Mpn . Hence, we can
use Lemma 3.6 to conclude that G has a section isomorphic to Mpk , where
k < n. It follows that

d∗(G) ≤ d∗(Mpk),
but this contradicts (2) due to Propositions 2.2 and 3.5.
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We conclude that our assumption is false, so G is a Dedekind group.
�

We end this section with an extension of Theorem D to the class of
nilpotent groups. This result holds due to the multiplicativity property of d∗.

Corollary 3.7. Let p1 < p2 < . . . < pk be prime numbers, G be a nilpotent
group and P1, P2, . . . , Pk be its Sylow subgroups, such that

|Pi| = pni
i , where ni ≥ 3, ∀ i ∈ {1, 2, . . . , k}.

i) Assume that p1 = 2 and n1 = 3. If d∗(P1) > d∗(D8) and

d∗(Pi) > d∗(Mp
ni
i

), ∀ i ∈ {2, 3, . . . , k},

then G is a Dedekind group.
ii) Assume that n1 ≥ 4 if p1 = 2, and n1 ≥ 3 if p1 is odd. If

d∗(Pi) > d∗(Mp
ni
i

), ∀ i ∈ {1, 2, . . . , k},

then G is a Dedekind group.

The lower bounds that appear in the statements of Theorem D and
Corollary 3.7 are the best possible ones, since D8 and Mpn are non-Dedekind
groups. Note that Corollary 3.7 does not hold for non-nilpotent supersolv-
able groups. More exactly, regarding item i), we can take G ∼= C27 � Q8

(SmallGroup(216, 4)). Its Sylow subgroups are Dedekind groups, but G is
non-Dedekind, since d′(G) = 2

11 . In what concerns item ii), we can choose
G1

∼= C3
3 �C2

4 (SmallGroup(432, 425)) and the Zassenhaus metacyclic group
(see Theorem 11 of [17])

G2 = 〈x, y | x6859 = y27 = 1, yx = x956y〉 ∼= C6859 � C27.

The Sylow subgroups of both groups are Dedekind. However, d′(G1) = 89
224

and G2 has a non-normal subgroup H ∼= C27, so both groups are non-
Dedekind.

4. Open Problems

We end our paper by enumerating some questions that can be further ex-
plored.

Problem 4.1. Let a, b be integers, such that 1 ≤ a < b. In Sect. 2, we proved
that any ratio of the form a

a+1 can be achieved by computing d′ for specific
non-nilpotent supersolvable groups having one conjugacy class of non-normal
subgroups. We also showed that each ratio of the form a

b can be achieved as
the limit of (d′(Gn))n≥1 where (Gn)n≥1 is a sequence of nilpotent groups
formed as direct products of some modular p-groups. Hence, we pose the
following question:
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Is it true that there is a group G such that d′(G) = a
b ?

To get an affirmative answer, it suffices to search for b − a groups
G1, G2, . . . , Gb−a of coprime orders, such that

d′(Gi) =
a + i − 1

a + i
, ∀ i ∈ {1, 2, . . . , b − a}.

By taking G =
b−a×
i=1

Gi and making use of the multiplicativity of d′, we would

get a positive answer.

Problem 4.2. Let G be a group with d∗(G) > 2
3 . According to Theorem B,

it follows that G is a nilpotent group. Moreover, due to the same result, if
2 � |G|, then G is an Iwasawa group. Assume that 2 | |G|. Then, G has a
Sylow 2-subgroup P with

d∗(P ) ≥ d∗(G) >
2
3
.

What can be said about the structure of P?

Note that if 2
3 is replaced with 4

5 , an answer is given by Iwasawa’s result
that is recalled after proving Theorem B. One can find a 2-group P , such
that d∗(P ) ∈ ( 2

3 , 4
5 ). For instance, by checking the groups of order 16, then

P ∼= C2
2 � C4 (SmallGroup(16, 3)) and d∗(P ) = d′(P ) = 17

23 , or P ∼= C2 × D8

(SmallGroup(16, 11)) and d∗(P ) = d′(P ) = 27
35 .

Problem 4.3. Let n ≥ 3 be an integer. Theorem D indicates the second max-
imum value attained by d∗ on the class of p-groups of order pn.

Which is the second maximum value achieved by d′ on the same class
of groups?

Assume that p = 2 and G is a non-Dedekind group of order 2n. If
n = 3, one can check that d′(G) ≤ 4

5 = d′(D8), while if n = 4, we have
d′(G) ≤ 10

11 = d′(M16). Also, for n ∈ {5, 6, 7}, GAP computations show that
d′(G) ≤ d′(Cn−5

2 × (D8 ◦ Q8)). We mention that Ck
2 × (D8 ◦ Q8) is a gener-

alized extraspecial group of order 2n, where n = 5 + k and k ≥ 0.

Which are the minimum values achieved by d′ and d∗ on the same class
of groups?

If p = 2, it can be checked that d∗(G) ≥ d∗(D2n) for any n ∈ {3, 4, 5, 6, 7}.
Since any section of D2n is abelian or isomorphic to D2k where k ≤ n, by
using Proposition 2.2, we deduce that d′(D2n) = d∗(D2n). Hence, we also
have that d′(G) ≥ d′(D2n) for the same values of n.
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A. GAP Code

The following GAP code may be used to check most of our results.

# A func t i on t ha t r e turns a l i s t con ta in ing the
s e c t i o n s o f a group G

s e c t i o n s := f unc t i on (G)
l o c a l u , H, N;
u := [ ] ;
f o r H in L i s t ( ConjugacyClassesSubgroups (G) ,
Repre sentat ive ) do

f o r N in NormalSubgroups (H) do

Add(u , FactorGroup (H,N) ) ;
od ;

od ;

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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return u ;
end ;

# A func t i on t ha t computes d′(G)

dG:= f unc t i on (G)
l o c a l c ;
c := ConjugacyClassesSubgroups (G) ;
return Length ( c ) / Sum( c , S i z e ) ;

end ;

# A func t i on t ha t computes d∗(G)
# I t shou ld be app l i e d to the output o f s e c t i o n s (G) ,

i . e . dStarG ( s e c t i o n s (G) )

dStarG:= f unc t i on ( l )
return Minimum( L i s t ( l , dG) ) ;

end ;
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